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Abstract
In this paper we deﬁne a new class of functions called local Morrey-Lorentz spaces
Mlocp,q;λ(R
n), 0 < p,q ≤ ∞ and 0≤ λ ≤ 1. These spaces generalize Lorentz spaces such
thatMlocp,q;0(R
n) = Lp,q(Rn). We show that in the case λ < 0 or λ > 1, the spaceMlocp,q;λ(R
n)
is trivial, and in the limiting case λ = 1, the spaceMlocp,q;1(R







(Rn). We show that for 0 < q ≤ p <∞ and 0 < λ ≤ qp , the local
Morrey-Lorentz spacesMlocp,q;λ(R





get an embedding between local Morrey-Lorentz spaces and Lorentz-Morrey spaces.
Furthermore, we obtain the boundedness of the maximal operator in the local
Morrey-Lorentz spaces.
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1 Introduction
The aim of this paper is to deﬁne a new class of functions called local Morrey-Lorentz
spacesMlocp,q;λ(Rn) and to study the boundedness of the maximal operator in these spaces.
Local Morrey-Lorentz spaces Mlocp,q;λ(Rn) are generalizations of Lorentz spaces Lp,q(Rn).
Lorentz spaces, introduced by Lorentz in the s [, ], are generalizations of the more
familiar Lp spaces. Lorentz spaces, which are Banach spaces, appear to be useful in the
general interpolation theory by Calderón (see []). Peetre [] identiﬁed Lorentz spaces
as intermediate spaces for interpolation theory by Lions and Peetre (see []). Riviere and
Sagher [] generalized the results of Calderón contained in [] to include Lorentz spaces
having coeﬃcients p and q greater than zero; similarly, Kree and Peetre generalized the
results of Lions and Peetre obtained in [].
For x ∈ Rn and t > , let B(x, t) denote the open ball centered at x of radius t, and let
|B(x, t)| be the Lebesgue measure of the ball B(x, t). Note that |B(x, t)| = ωntn, where ωn
denotes the volume of the unit ball in Rn. Let f be a locally integrable function on Rn. The
Hardy-Littlewood maximal functionMf of f is deﬁned by






∣∣f (y)∣∣dy, x ∈Rn.
Maximal operators play an important role in the diﬀerentiability properties of functions,
singular integrals and partial diﬀerential equations. They often provide a deeper andmore
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simpliﬁed approach to understanding problems in these areas than other methods. It is
well known that for the classical Hardy-Littlewood maximal operator the rearrangement
inequality
cf ∗∗(t)≤ (Mf )∗(t)≤ Cf ∗∗(t), t ∈ (,∞),
holds, ([], Chapter , Theorem .), where f ∗(t) is the non-increasing rearrangement of
f and




Mingione [] deﬁned the Lorentz-Morrey spaces Lp,q;λ(Rn) as follows.
Deﬁnition  [] The Lorentz-Morrey spaces Lp,q;λ(Rn) is the set of all measurable func-
tions f on Rn: for ≤ p <∞,  < q <∞ and ≤ λ ≤ n, f ∈Lp,q;λ(Rn) iﬀ




p ‖χB(x,t) f ‖Lp,q <∞.
Here ‖ · ‖Lp,q denotes the Lorentz norm of a function (see preliminaries).
In [], Section ., Mingione studied the boundedness of the restricted fractional max-
imal operatorMβ ,B
Mβ ,Bf (x) = sup
B(x,t)⊂B
∣∣B(x, t)∣∣ βn –
∫
B(x,t)
∣∣f (y)∣∣dy, x ∈Rn,
in the restricted Lorentz-Morrey spaces Lp,q;λ(B), where B is any ball. Mingione derived
a general non-linear version, extending a priori estimates and regularity results for possi-
bly degenerate non-linear elliptic problems to the various spaces of Lorentz and Lorentz-
Morrey type considered in [–].
Ragusa [] deﬁned the Lorentz-Morrey spaces Lp,q;λ(Rn) and studied some embeddings
between these spaces.
Deﬁnition  [] The Lorentz-Morrey spaces Lp,q;λ(Rn) is the set of all measurable func-
tions f on Rn: for ≤ p <∞,  < q <∞ and ≤ λ ≤ n, iﬀ




q ‖χB(x,t) f ‖Lp,q <∞.
Accordingly, f belongs to
Lp,∞;λ(Rn)≡WLp,λ(Rn) iﬀ ‖f ‖Lp,∞;λ = ‖f ‖WLp,λ <∞.
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Recall that the local Morrey-type spaces LMpθ ,w were introduced and the boundedness
in these spaces of the fractional integral operators and singular integral operators deﬁned
on homogeneous Lie groups were proved by Guliyev [] in the doctoral thesis (see, also
[–]). They are given by
‖f ‖LMpθ ,w =
∥∥w(r)‖f ‖Lp(B(,r))∥∥Lθ (,∞),
wherew is a positivemeasurable function deﬁned on (,∞). Somenecessary and suﬃcient
conditions for the boundedness of the maximal, fractional maximal, Riesz potential and
singular integral operators in the local Morrey-type space LMpθ ,w were given in [–].
We should explain that the spaces LMpθ ,w are closely related to the Bσ spaces (see [, ]).
This paper is organized as follows. In Section  we give some notations and deﬁnitions
of the Morrey, Lorentz and classical Lorentz spaces. In Section  we deﬁne a new class
of functions called local Morrey-Lorentz spaces Mlocp,q;λ(Rn),  < p,q ≤ ∞ and  ≤ λ ≤ .
These spaces generalize Lorentz spaces such that Mlocp,q;(Rn) = Lp,q(Rn). We show that in
the case λ <  or λ > , the spaceMlocp,q;λ(Rn) is trivial, and in the limiting case λ = , the space
Mlocp,q;(Rn) is the classical Lorentz space∞,t p – q (R
n). We also show that for  < q≤ p <∞





(Rn). In Section  we prove the boundedness of the maximal operator in
Mlocp,q;λ(Rn).
Throughout the paper, we write A B if there exists a positive constant C, independent
of appropriate quantities such as functions, satisfying A≤ CB. If p ∈ [,∞], the conjugate
number p′ is deﬁned by p′ = pp– and if p ∈ (, ), the conjugate number p′ is deﬁned by
p′ = p–p .
2 Preliminaries
Let E be a measurable subset of Rn and |E| = ∫E dx. We denote by Lp(E) the class of all







<∞,  < p <∞,
‖f ‖L∞(E) := sup
{
α :
∣∣{y ∈ E : ∣∣f (y)∣∣≥ α}∣∣ > }.
We deﬁne rearrangement of f in decreasing order by
f ∗(t) = inf
{
λ >  : μf (λ)≤ t
}
, ∀t ∈ (,∞),
where μf (λ) denotes the distribution function of f given by
μf (λ) =
∣∣{y ∈Rn : ∣∣f (y)∣∣ > λ}∣∣.
We denote byWLp(Rn) the weak Lp space of all measurable functions f with the quasi-
norm
‖f ‖WLp = sup
t>
t/pf ∗(t), ≤ p <∞.
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Now we recall the deﬁnitions of Morrey spaces, Lorentz spaces and classical Lorentz
spaces.
Morrey spaces were introduced by Morrey [] in  in connection with certain
problems in elliptic partial diﬀerential equations and calculus of variations. Later, Morrey
spaces found important applications to Navier-Stokes and Schrödinger equations, elliptic
problems with discontinuous coeﬃcients, and potential theory.
Deﬁnition  [, ] We denote by Lp,λ(Rn) the Morrey space for  ≤ λ ≤ n,  ≤ p < ∞,
f ∈ Lp,λ(Rn) if f ∈ Llocp (Rn) and




p ‖f ‖Lp(B(x,t)) <∞.
If λ = , then Lp,(Rn) = Lp(Rn); if λ = n, then Lp,n(Rn) = L∞(Rn); if λ <  or λ > n, then
Lp,λ(Rn) =
, where 
 is the set of all functions equivalent to  on Rn.
Also, byWLp,λ(Rn) we denote the weak Morrey space of all functions f ∈WLlocp (Rn) for
which




p ‖f ‖WLp(B(x,t)) <∞.
Lorentz spaces were introduced by Lorentz in . Lorentz spaces, which are Banach
spaces and generalizations of themore familiarLp spaces, appear to be useful in the general
interpolation theory.
Deﬁnition  The Lorentz space Lp,q(Rn),  < p,q≤ ∞, is the collection of all measurable
functions f on Rn such the quantity
‖f ‖Lp,q =
∥∥t p– q f ∗(t)∥∥Lq(,∞) ()
is ﬁnite.
Note that Lp,∞(Rn) =WLp(Rn) (see, for example, []).
If p = q =∞, then the space L∞,∞ is denoted by L∞.
If ≤ q≤ p or p = q =∞, then the functional ‖f ‖p,q is a norm.
For  < q≤ p≤ r ≤ ∞, we have, with continuous embeddings, that
Lp,q ⊂ Lp ⊂ Lp,r ⊂WLp.
The function f ∗∗ : (,∞)→ [,∞] is deﬁned as




In the case  < p,q≤ ∞, we give a functional ‖ · ‖∗Lp,q by
‖f ‖∗Lp,q := ‖f ‖∗Lp,q(,∞) =
∥∥t p– q f ∗∗(t)∥∥Lq(,∞)
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(with the usual modiﬁcation if  < p≤ ∞, q =∞), which is a norm on Lp,q(Rn) for  < p <
∞, ≤ q≤ ∞ or p = q =∞.
If  < p≤ ∞, ≤ q≤ ∞, then for ≤ r < p (see []),




‖f ‖Lp,q . ()
We denote byM(Rn) the set of all extended real-valuedmeasurable functions onRn and
byM+(,∞) the set of all non-negative measurable functions on (,∞).
Deﬁnition  Let  < p ≤ ∞ and ψ ∈M+(,∞). We denote by p,ψ (Rn) the classical




n) := {f ∈M(Rn) : ‖f ‖p,ψ := ∥∥ψ f ∗∥∥Lp(,∞)
}
.










(Rn) = Lp,q(Rn) with equality of
‘norms’.
Useful references for Lorentz spaces are, for instance, in [, , ].
Remark  Since ‖f ‖Lp,p = ‖f ‖Lp , it can be easily shown that Lp,p;λ ≡ Lp,λ.
3 Local Morrey-Lorentz spacesMlocp,q;λ(R
n)
In this section we deﬁne the local Morrey-Lorentz spaces Mlocp,q;λ(Rn),  < p,q ≤ ∞ and
 ≤ λ ≤ . These spaces generalize Lorentz spaces so thatMlocp,q;(Rn) = Lp,q(Rn). We show
that in the case λ <  or λ > , the spaceMlocp,q;λ(Rn) is trivial, and in the limiting case λ = ,
the space Mlocp,q;(Rn) is the classical Lorentz space ∞,t p – q (R
n). We also show that for
 < q ≤ p < ∞ and  < λ ≤ qp , the local Morrey-Lorentz spaces Mlocp,q;λ(Rn) are equal to





Deﬁnition  Let  < p,q ≤ ∞ and let  ≤ λ ≤ . We denote by Mlocp,q;λ(Rn) the local
Morrey-Lorentz spaces, the spaces of all measurable functions with a ﬁnite quasi-norm
‖f ‖Mlocp,q;λ := supt> t
– λq
∥∥s p– q f ∗(s)∥∥Lq(,t).
If λ <  or λ > , then Mlocp,q;λ(Rn) = 
, where 
 is the set of all functions equivalent to
 on Rn. Also, Mlocp,q;(Rn) = Lp,q(Rn). In the case q = p, we denote the space Mlocp,q;λ(Rn) by
Mlocp,λ(Rn).














‖f ‖Mlocp,q; = ‖f ‖∞,t p – q
≡ ∥∥τ p– q f ∗(τ )∥∥L∞(,∞).
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Therefore f ∈Mlocp,q;(Rn) and
‖f ‖Mlocp,q; ≤ ‖f ‖∞,t p – q
.



























p–f ∗(τ )q dτ
)/q





∥∥τ p– q f ∗(τ )∥∥Lq(t–s,t+s)
=
∥∥τ p– q f ∗(τ )∥∥L∞(,∞)
= ‖f ‖Mlocp,q; .













≤ ‖f ‖Mlocp,q; . 





Lemma  ‖ · ‖Mlocp,q;λ is a quasi-norm on M
loc
p,q;λ(Rn).
Proof From the deﬁnition f ∗ ≥ . This implies that ‖f ‖Mlocp,q;λ ≥ . Moreover, ‖f ‖Mlocp,q;λ = 
implies that ‖s p– q f ∗(s)‖Lq(,t) =  for all t > . Hence, we get f ∗ =  a.e. Thus, f =  since f
is representative of an equivalence class.
Now, let a =  be a real constant, f ∈Mlocp,q;λ(Rn). Noting
(af )∗(t) = |a|f ∗(t), t > ,
the homogeneity condition follows
‖af ‖Mlocp,q;λ = |a|‖f ‖Mlocp,q;λ .
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}(‖f ‖Mlocp,q;λ + ‖g‖Mlocp,q;λ
)
.
Let f , g ∈Mlocp,∞;λ(Rn),  < p≤ ∞ and q =∞. Then
sup
t>



























(‖f ‖Lp,∞ + ‖g‖Lp,∞).
Therefore we get
‖f + g‖Mlocp,∞;λ ≤ 

p
(‖f ‖Mlocp,∞;λ + ‖g‖Mlocp,∞;λ
)
. 
The following theorem states thatMlocp,q;λ(Rn) localMorrey-Lorentz spaces are equivalent




q and  < λ ≤ qp .









‖f ‖WLr ≤ ‖f ‖Mlocp,q;λ ≤ λ




Proof Suppose f ∈ Mlocp,q;λ(Rn). Then, from the monotonicity of f ∗ on (,∞) for all t > ,
we get
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Thus, f ∈WLr(Rn) and
‖f ‖WLr := sup
t>






Let f ∈WLr(Rn), where r = p – λq . Then, for all t > ,




p f ∗(t)≤ ‖f ‖WLr .
This implies that










)q ≤ ‖f ‖WLr tλ, t > .
Consequently,
























q ‖f ‖WLr . 





The following embedding is valid.





and for f ∈Mlocp,q;λ(Rn),
‖f ‖Lp,q;nλ  ‖f ‖Mlocp,q;λ .
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From the inequality (fg)∗(s)≤ f ∗(s)g∗(s) and the equality (χB)∗(s) = χ[,|B|)(s), we get
(f χB(x,t))∗(s)≤ f ∗(s)χ[,ωntn)(s).































































































































∥∥s p– q f ∗(s)∥∥Lq(,ωntn).
Consequently,


















∥∥s p– q f ∗(s)∥∥Lq(,t)
= ‖f ‖Mlocp,q;λ . 
4 Boundedness of themaximal operator in the local Morrey-Lorentz spaces
In this section, the boundedness of the maximal operator M in local Morrey-Lorentz
spacesMlocp,q;λ(Rn) is proved.
Theorem  Let  < p < ∞,  ≤ q ≤ ∞,  < λ ≤  or  < p < ∞,  ≤ q ≤ ∞, λ = . Then the
maximal operator M is bounded on the local Morrey-Lorentz spaces Mlocp,q;λ(Rn).
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Proof By the deﬁnition of a norm in local Morrey-Lorentz spaces,
‖Mf ‖Mlocp,q;λ = supr> r
– λq



















Having applied the generalized Minkowski inequality, we get

























































































































since – p +
λ
q > –.
Therefore, the maximal operatorM is bounded onMlocp,q;λ(Rn). 
Corollary  Let  ≤ p < ∞,  < λ ≤ . Then the maximal operator M is bounded in
Mlocp,λ(Rn).
Corollary  Let  < p < ∞,  ≤ q ≤ ∞. Then the maximal operator M is bounded in
Lp,q(Rn).
Corollary  [] Let  < q <∞. Then the maximal operator M is bounded in WLq(Rn).
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